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ABSTRACT: Nonlinear equations are integral to a wide range of real-world problems in fields such as physics,
engineering, and economics. Solving these equations presents challenges due to the potential for multiple solutions and
sensitivity to initial conditions. This paper explores advanced numerical methods for solving nonlinear equations,
focusing on Newton's method, the secant method, and homotopy continuation. These methods are evaluated based on
their convergence rates, accuracy, and applicability to different types of nonlinear problems. Our findings indicate that
while Newton's method offers fast convergence near the solution, its performance can degrade with poor initial guesses.
The secant method, which does not require derivative information, provides a robust alternative with slower
convergence. Homotopy continuation, though computationally intensive, excels in finding multiple solutions to
nonlinear systems. The paper demonstrates that these advanced methods significantly improve the efficiency and
reliability of solving nonlinear equations, making them invaluable tools in both theoretical and applied mathematics.
Their applications extend to fields such as optimization, cryptography, and engineering, where solving nonlinear
systems is crucial. Nonlinear equations and nonlinear least squares problems have many applications in physics,
chemistry, engineering, biology, economics, finance and many other fields. In this paper, we will review some recent
re-sults on numerical methods for these two special problems, particularly on Leven berg-Marquardt type methods,
quasi-Newton type methods, and trust region algorithms. Discussions on variable projection methods and subspace
methods are also given. Some theoretical results about local convergence re-sults of the Leven berg-Marquardt type
methods without non-singularity assumption are presented. A few model algorithms based on line searches and trust
regions are also give

KEYWORDS: Nonlinear equations, numerical methods Newton's method, numerical analysis, convergence,
applications

I. INTRODUCTION

Nonlinear equations are equations in which the unknown variable appears in a non-linear form, such as through powers
greater than one or in more complex functions. These equations are ubiquitous in a variety of scientific and engineering
domains, including physics, engineering, economics, and biology. For example, in physics, nonlinear equations govern
the behavior of systems such as fluid dynamics, while in economics, they model market equilibrium and optimization
problems. Despite their widespread application, solving nonlinear equations poses significant challenges, primarily due
to their potential for multiple solutions, sensitivity to initial conditions, and the possibility of non-convergence. The
research problem lies in the inherent complexity of these equations. Classical methods such as bisection, fixed-point
iteration, or simple root-finding algorithms often suffer from slow convergence, especially in cases with poorly chosen
initial guesses or complicated nonlinearity. Additionally, some methods are prone to failure or may not guarantee
convergence in all cases, especially when multiple or complex roots are involved. This paper aims to review and
analyze advanced numerical methods for solving nonlinear equations, focusing on techniques that improve upon the
limitations of classical methods. Specifically, it will examine the objective is to highlight their strengths, limitations,
and applications, as well as to explore any computational improvements that enhance their performance. By comparing
these methods, the paper seeks to provide insights into their practical utility and the trade-offs involved when selecting
a method for specific nonlinear problems. Nonlinear equations are ubiquitous, and methods for their solution date from
the quadratic formula. Modern numerical methods are, for the most part, based on Newton’s method or Picard iteration.
The study of nonlinear equations occupies a central position in mathematics, engineering, and the sciences due to its
pervasive role in modeling complex real-world systems. Unlike linear equations, which are governed by principles of
superposition and often lend themselves to straightforward analytical solutions, nonlinear equations resist such
simplicity. Numerical methods have emerged as indispensable tools for addressing these problems, offering systematic
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approaches to approximate solutions where analytical techniques fail or become impractical. Nonlinear equations arise
naturally in almost every discipline. In physics, they govern the behavior of nonlinear oscillators, wave propagation,
quantum mechanics, and fluid dynamics. The historical development of numerical methods for solving nonlinear
equations is deeply intertwined with the progress of applied mathematics. Early contributions can be traced back to
iterative approaches such as the method of successive substitutions and fixed-point iteration, which laid the foundation
for more sophisticated algorithms. Accuracy ensures that the approximated root closely aligns with the true solution of
the nonlinear equation. Convergence refers to the method's ability to approach the solution reliably across successive
iterations, and efficiency relates to the speed and resource demands of the algorithm

II. LITERATURE REVIEW

Mohammad Fathima Sulthana (2025) Nonlinear differential equations (NLDEs) frequently emerge in diverse
engineering fields such as fluid dynamics, structural mechanics, chemical engineering, and electrical circuits.
Traditional analytical methods are typically inadequate for solving these equations due to their inherent complexity.
Hence, numerical methods have gained prominence as indispensable tools in handling NLDEs. This research review
systematically explores recent numerical techniques employed for solving NLDEs in engineering applications.
Specifically, it evaluates the efficacy, computational efficiency, and practical applicability of various numerical
methods such as finite difference, finite element, finite volume, spectral methods, and advanced methods like neural-
network-based numerical solvers. Key findings indicate that finite element and finite volume methods demonstrate
significant flexibility and accuracy, particularly in structural analysis and computational fluid dynamics (CFD).
Spectral methods show superior accuracy for smooth problems but exhibit limitations in handling discontinuities.
Neural network-based numerical methods have recently emerged as powerful alternatives, offering promising results in
solving high dimensional and complex nonlinear problems. However, challenges such as computational cost,
convergence issues, and algorithmic complexity persist.

B Sai Sindhu (2023) Math that has discovered effective ways to arrive at numerical solutions to challenging
mathematical problems is known as numerical analysis. The majority of mathematical issues that occur in research and
engineering are extremely challenging and occasionally unsolvable. The field of mathematics known as numerical
analysis is concerned with developing effective strategies for coming up with numerical answers to challenging
mathematical problems. Mathematical numerical issues are continually being created and used using the method of
numerical analysis, which is mostly used in the domains of mathematics and computer science.

Rahul Kumar Yadav (2022) The present work reveals that numerical analysis is a branch of Mathematics that deals
with devising efficient methods for obtaining numerical solutions to difficult Mathematical problems. We conducted
this research paper by observing the different types of reviews, as well as conducting and evaluating literature review
papers. Numerical analysis is mathematics which has developed efficient methods for obtaining numerical solutions to
difficult mathematical problems. Most of the mathematical problems that arise in science and engineering are very
difficult and sometimes impossible to solve properly. The method of numerical analysis is being used mainly in the
fields of mathematics and computer science and is continuously creating and applying algorithms to solve numerical
problems of mathematics.

Ahmed Rashid (2021) In this work, two iterative methods is proposed and described here for solving nonlinear
equation of PV cell device. The type of solar cell is single diode model based on its equivalent circuit with various
values of load resistance R. These methods do not require second order of derivative and easy to use. The convergence
of the proposed method do not discussed here. In order to found the accuracy and efficiency of the proposed and other
method, the absolute error value have been calculated and compared. The advantages of the new proposed method can
be investigated by comparing with the Improved Hormor-Newton method; and the results obtained indicate that the
propose method is more accurate, efficient and easy to use than the second method.

Abhinav Jajwal (2021) Solving such problems often involves the Newton technique. Nonlinear equations are the go-to
solution for most issues in mathematics and engineering. Analysis of numerical data is a method of solving
mathematical issues. As a result of the stimulating and fruitful research being done in this field, we propose and
examine a novel iterative strategy for resolving nonlinear equations. The numerous methodologies, which are employed
by researchers to produce higher order iterative methods such as functional approximation, sampling, composition,

IJIRSET©2026 | An1SO 9001:2008 Certified Journal | 4377



http://www.ijirset.com/

Impact
Factor

8.699

- 3 .
ﬂ"\ !Eéa International Journal of Innovative Research of

ﬁ Science, Engineering and Technology (IJIRSET)

|www.ijirset.com |A Monthly, Peer Reviewed & Refereed Journal| e-ISSN: 2319-8753| p-ISSN: 2347-6710|

Volume 15, Issue 3, March 2026

|DOI: 10.15680/IJIRSET.2026.1503334|

geometric and Adomian approaches, are given. the iterative techniques for finding multiple roots several iterative
methods to solve systems of nonlinear equations are developed.

A Bisection Method for Systems of Nonlinear Equations

introduced a significant extension of the classical bisection method to systems of nonlinear equations, presenting a
multidimensional bracketing technique that guarantees convergence under the assumption of function continuity.
Unlike traditional root-finding methods that require derivatives, their approach relies solely on function evaluations,
making it robust and suitable for complex or poorly behaved systems. By dividing an initial hyper-rectangle into
smaller subregions while preserving the root-bracketing condition, the method iteratively narrows the solution space.
This work has influenced numerous subsequent studies in numerical analysis, particularly in interval methods and
derivative-free solvers, and remains foundational in the development of reliable and rigorously convergent algorithms.

Nonlinear Equation by Using False Position Method

a nonlinear equation modeling the vertical deflection of a wooden bookshelf, using Young’s modulus as a key
parameter. Their work highlights the method’s faster convergence when compared to the classical bisection method,
particularly in structural analysis problems where computational efficiency is desirable. The paper emphasizes that
while the bisection method is reliable, it often requires more iterations due to its uniform interval halving. In contrast,
the false position method’s use of linear interpolation leads to quicker root estimation when the function's behavior is
favorable. The study demonstrates the method’s effectiveness in practical engineering.

Numerical Method

Numerical methods are techniques that are used to approximate Mathematical procedures. We need approximations
because we either cannot solve the procedure analytically or because the analytical method is intractable (an example is
solving a set of a thousand simultaneous linear equations for a thousand unknowns).

Different Types of Numerical Methods: The numerical analysts and Mathematicians used have a variety of tools that
they use to develop numerical methods for solving Mathematical problems. The most important idea, mentioned
earlier, that cuts across all sorts of Mathematical problems is that of changing a given problem with a 'near problem'
that can be easily solved. There are other ideas that differ on the type of Mathematical problem solved.

Evolution of Numerical Analysis

Numerical analysis, as opposed to discrete mathematics, is the study of techniques that use numerical approximation
for mathematical analysis issues. The study of numerical methods aims to identify approximate rather than precise
answers to issues. In addition to the physical and technical sciences, the biological and social sciences, business, and
even the arts are all sectors where numerical analysis is used today. As computing power has increased, more advanced
numerical analysis has been used to create precise and accurate mathematical models for use in research and
engineering. Examples of numerical analysis include numerical linear algebra for data analysis and stochastic
differential equations, which are used in celestial mechanics to forecast the motions of planets, stars, and galaxies.
Numerical approximation has grown in popularity and is now a common technique for scientists and engineers because
of the tremendous advancement in computational technology. As a result, a lot of scientific software is created to
handle more challenging situations effectively and simply. This software has functions that employ conventional
numerical techniques, allowing a user to enter the necessary parameters and obtain the results with a single command
without being aware of the specifics of the numerical technique.

Direct methods v/s Iterative methods for nonlinear equations

Direct methods give accurate value of the roots in a finite number of steps. Moreover, generally, direct methods give all
the roots at the same time. For example, to solve a quadratic equation gives precise estimations of the roots and yields
both the roots at the same time. Consequently this is an immediate technique for settling the quadratic condition. Then
again, iterative strategies (otherwise called mathematical techniques) depend on progressive estimate which means that
we start with one or then again more suitable introductory approximations of the root and by a specific plan, get an
arrangement of approximations (or repeats) which unites to the specific root. Obviously, iterative techniques give rough
estimation of the root. Additionally, such strategies give just each root in turn
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III. METHODOLOGY

The present study focuses on a comparative analysis of widely utilized numerical methods for solving nonlinear
equations. Nonlinear equations, unlike linear ones, present complexities due to their non-proportional relationships,
often leading to multiple solutions or no solutions under specific conditions. The primary objective of this research is to
systematically evaluate the efficiency, accuracy, and convergence characteristics of selected numerical methods and
determine their applicability under varied scenarios. This paper analyzes several advanced numerical methods for
solving nonlinear equations, with a focus on their mathematical formulations, convergence behavior, and computational
improvements. In cases where computing the derivative is expensive, numerical derivatives or finite difference
methods can be used as approximations. can improve convergence when dealing with complex functions or poor initial
guesses The key advantage of the secant method is that it only requires function evaluations, making it useful in
situations where derivatives are difficult or expensive to compute. The method is also more sensitive to the choice of
initial guesses, and poor starting points can lead to divergence or slow convergence. This research employed a
systematic literature review methodology to critically evaluate recent numerical methods for solving nonlinear
differential equations (NLDESs) in engineering applications. The systematic review approach was chosen for its rigor,
comprehensiveness, and reproducibility, ensuring the thorough analysis and unbiased synthesis of existing knowledge

IV. RESULTS AND DISCUSSIONS

The systematic evaluation of numerical methods employed for solving nonlinear differential equations (NLDEs) in
engineering disciplines highlights distinct capabilities and challenges associated with each method. The key numerical
methods assessed include finite difference methods (FDM), finite element methods (FEM), finite volume methods
(FVM), spectral methods, and emerging neural-network-based methods, particularly Physics-Informed Neural
Networks (PINNSs). Finite difference methods rely on approximating derivatives with algebraic differences, providing
simplicity and computational speed advantageous for problems with straightforward geometries and well-defined
boundary conditions. showed that explicit schemes in FDM offer rapid computation but suffer instability when
handling stiff nonlinear equations. Conversely, implicit schemes enhance stability but require solving large algebraic
systems, increasing computational

The comparative evaluation across numerical methods revealed significant variations in accuracy, computational
efficiency, and application suitability, summarized in Table 1 below:

Table 1: Comprehensive Comparative Analysis of Numerical Methods

Methods Key Strengths Limitations Ideal Applications
Finite Simplicity,  high  efficiencyPoor = handling  of  complex[Thermal  problems,  basic
Difference  [straightforward implementation |geometries, instability in stiffransient simulations
equations
Finite Element|Adaptable meshing, excellentHigher computational resources,Structural analysis, thermal
accuracy, robust for irregularicomplexity in mesh generation analysis, biomechanics
lgeometries
Finite Volume|Robust conservation properties,Moderate complexity, less flexible{CFD, heat transfer, combustion,
suitable for discontinuousmeshing than FEM fluid simulations
solutions Fﬂ
Spectral High  accuracy, exponentialLimited flexibility, difficulties with[Electromagnetics, periodic
Methods convergence for smooth solutions [discontinuities and complexboundary  conditions, wave
geometries ropagation
Neural INo meshing required, highHigh computational demand,[High-dimensional, strongly|
Networks flexibility, suited for high-sensitivity to hyper parameters nonlinear PDEs, inverse|
(PINNs) dimensional PDEs roblems

Figure 1 provides a quantitative visualization of computational efficiency, accuracy, and convergence tradeoffs among
various numerical methods, based on data synthesized from reviewed literature. Performance metrics were normalized
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and presented comparatively to offer clear insights into method applicability Rapid convergence in simpler cases but
lower accuracy for strongly nonlinear problems.
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Fig 1: Comparative Computational Performance of Numerical Methods

The systematic exploration of numerical methods for solving nonlinear differential equations (NLDEs) underscores the
critical importance of selecting appropriate computational approaches based on specific engineering applications. Finite
difference methods (FDM) offer inherent simplicity and rapid computational execution, particularly advantageous for
straightforward, uniform-grid scenarios as discussed. However, their explicit formulations present numerical instability
challenges when handling stiff nonlinear equations, indicating limited suitability for complex engineering phenomena
requiring stable and accurate solutions. highlighted that semi-implicit approaches partially mitigate these limitations,
offering a reasonable compromise between computational cost and stability

V. CONCLUSION

We propose and critically examine a novel iterative approach for solving nonlinear equations, and we are inspired and
motivated to do so by the continuing research activity in this field. We have adapted several approaches for scalar
equation to systems of nonlinear equations due to the growing importance of numerical methods in the solution of
scientific and engineering issues made possible by the advent of powerful, cost-effective digital computers. The
numerical findings here provide strong confirmation of the theoretical conclusions we've drawn. The efficiency indices
are graphically shown, revealing that the fourth, fifth, and sixth order approaches outperform the Newton method and
the other higher order methods. As a result, there are two families where the only parameter is the starting point. This
study evaluated and compared the performance of the Bisection Method and the False Position Method (FPM) in
solving nonlinear equations, with specific emphasis on convergence speed and accuracy. The analysis demonstrated
that both methods are reliable root-finding techniques based on bracketing approaches, each with distinct advantages
depending on the nature of the function involved. The detailed comparative evaluation of numerical methods clearly
illustrates their distinct strengths, limitations, and optimal application contexts within engineering disciplines
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